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NASA TTF-9873 

THEORY OF THE SUPERCONDUCTIVITY OF A THIN METAL FILM I N  A 

STRONG MAGNETIC FIELD ( I I ) *  

CRITICAL FIELD OF A SUPERCONDUCTING FILM 

L e i  Hsiao-lin and Wu Hang-sheng 

ABSTRACT 

I n  t h i s  paper ,  w e  c a l c u l a t e  t h e  c r i t i ca l  f i e l d  /991** 

of a superconducting t h i n  f i l m  i n  t h e  case of a second- 

o rde r  phase t r a n s i t i o n  with t h e  he lp  of a theory  

developed i n  a previous paper (Ref. 1). The c o r r e c t i o n  

term propor t iona l  t o  (At)3/2 i s  obta ined  ( t h e  magnetic 

f i e l d  is  assumed t o  be parallel  t o  t h e  s u r f a c e  of t h e  

f i lm ,  A t  = 1 - -). The r e s u l t s  obtained agree  wi th  T 
T C  

t h e  experimental  works of Douglass-Blumberg 

I. INTRODUCTION 

This  paper i s  a cont inua t ion  of (Ref. 1). W e  s h a l l  f u r t h e r  d i scuss  

t h e  c r i t i c a l  f i e l d  of a superconducting t h i n  f i l m  i n  t h e  case of a second 

o r d e r  phase t r a n s i t i o n  and compare t h e  t h e o r e t i c a l  r e s u l t s  wi th  experiment. 

A g r e a t  d e a l  of research  has  a l r eady  been performed on t h e  phase t r a n s i -  

t i o n  problem of a superconducting t h i n  f i l m  i n  a magnetic f i e l d .  It w a s  

London (Ref. 2) who f i r s t  ca l cu la t ed  t h e  c r i t i ca l  f i e l d  of a superconducting 

* Received September 9,  1963. 

** Note: numbers i n  t h e  margin i n d i c a t e  pag ina t ion  i n  t h e  o r i g i n a l  
f o r e i g n  text.  



f i l m  according t o  h i s  own theory.  

r e s u l t  is  

For a very  t h i n  f i l m  (d << 60(T)) ,  t h e  

(1) 

Later, Ginzburg-Landau (Ref. 3 )  ( t h i s  w i l l  be  abbrevia ted  as GL h e r e a f t e r )  

s tud ied  t h i s  problem i n  f u r t h e r  d e t a i l ,  i n  t h e i r  theory  of superconduc- 

t i v i t y  i n  a s t rong  magnetic f i e l d .  

ing:  The phase t r a n s i t i o n  of a t h i n  f i l m  wi th  th i ckness  d < dc(dc = $ 6 0 )  

The theory of GL expec ts  t h e  follow- 

i n  a magnetic f i e l d  i s  a second-order phase t r a n s i t i o n .  The c r i t i c a l  mag- 

n e t i c  f i e l d  of a second-order phase t r a n s i t i o n  i s  

However, i n  r ecen t  yea r s  q u i t e  a f e w  experimental  r e s u l t s  (Ref. 4-6) 

showed t h a t  f o r  f i l m s  which are t h i n  enough, n o t  only equat ion  (1) of 

London's theory ,  bu t  a l s o  equat ion (2) of t h e  GL theory are innaccura te .  

For example, no t  long ago, Douglass-Blumberg (Ref. 6 )  ( t h i s  w i l l  be  abbre- 

v i a t e d  as DB h e r e a f t e r )  made ex tens ive  and accu ra t e  measurements of t h e  

c r i t i c a l  magnetic f i e l d  of a s e r i e s  of Sn f i l m  samples wi th  th icknesses  

from 1.9 x cm t o  4.3 x cm. They expressed t h e  experimental  re- 

s u l t s  by t h e  fol lowing empi r i ca l  formula ( i n  t h e  v i c i n i t y  of Tc): 

Hc(gauss) - 1510 '(O' dl (At)a(l 4- 
2d (3) 

where 6(0,d) and E are c o e f f i c i e n t s  independent of temperature;  A t  = 1 - T. 
6(0 ,d)  g iven  by DB varies considerably wi th  d. 

6 (0 ,d)  = 5.1 x 

T C  

When d = m, 

cm ( t h i s  i s  t h e  gene ra l ly  accepted pene t r a t ion  depth 

of a l a r g e  sample of SN a t  T = O°K),but 6(0 ,d)  i nc reases  very  r a p i d l y  as d 

Nota t ion  used i n  t h i s  paper i s  t h e  same as t h a t  used i n  (Ref. 1). 
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decreases .  A s  t o  E, DB only gave t h e  r e s u l t s  f o r  some of t h e  sam- I 9 9 2  - 
p l e s  and t h e  va lues  l i e  between 0 - 0.31, and a l s o  c l e a r l y  vary  wi th  d. 

These r e s u l t s  cannot b e  explained by t h e  GL theory.  Since i n  t h e  GL 

theory ,  6 o  i s  t h e  p e n e t r a t i o n  depth of a l a r g e  sample and is  independent of 

t h e  f i l m  th i ckness ,  t h e  c r i t i c a l  magnetic f i l m  of a t h i n  f i l m  can only vary  

as Hc - d-'. 

w i th  d i s  f a s t e r  t han  d . Numerically, f o r  a t h i n  f i l m  t h e  va lue  of 

6(0 ,d)  measured by DB i s  much g r e a t e r  than  t h e  va lue  of t h e  corresponding 

q u a n t i t y  6 0 ( 0 )  i n  t h e  GL theory.  

ness  about 3 x 10  

of t h a t  of t h e  experiment. 

ameter used i n  t h e  GL theory  according t o  t h e  formula obta ined  by Gor'kov), 

i t  i s  not  d i f f i c u l t  t o  prove t h a t  E = 0.75. 

t i v e l y  wi th  experiment. 

The r e s u l t s  of DB, however, show t h a t  t h e  v a r i a t i o n  of Hc 

-1 

For example, f o r  a t h i n  f i l m  wi th  th ick-  

-5 
cm, t h e  va lue  from t h e  GL theory  i s  only one q u a r t e r  

As  f o r  E ,  according t o  t h e  GL theory  ( t h e  par- 

This  does n o t  agree  q u a l i t a -  

The disagreement between t h e  theory and experiment impel led many 

au tho r s  (Ref. 5-3) t o  conduct n e w  research  on t h i s  problem. They r e a l i z e d  

t h a t  t h e  cause of t h e  disagreement between theory  and experiment is  t h a t  

when t h e  f i l m  th i ckness  i s  smal l  enough (d < CO), even i n  t h e  c l o s e  v i c in -  

i t y  of Tc ,  t h e  r e l a t i o n s  j ( r )  and A(r) are non-l inear .  They attempted t o  

make appropr i a t e  c o r r e c t i o n s  i n  t h e  London equat ion  o r  GL equat ion,  hoping 

t o  in t roduce  a non-local e f f e c t  i n t o  t h e  l o c a l  theory  of London o r  GL. 

For example, Tinkham (Ref. 7) thought t h a t  i n  t h e  case of a t h i n  f i l m  t h e  

p e n e t r a t i o n  depth C ~ ~ ( T )  i n  equation (1) o r  equat ion  ( 2 )  must be  rep laced  

by " the  e f f e c t i v e  p e n e t r a t i o n  depth of t h e  t h i n  f i lm" ,  

3 



DB (Ref. 6 )  pointed out that if equation (2) is corrected in the above man- 

ner, the relation between Hc and d agrees with experiment. 

5) also did a similar thing. In reference (8), Toxen applied the GL theory 

Ittner (Ref. 

and expressed Hc as a function of the magnetic moment. 

is, in turn, calculated from a formula given by the non-local Pippard- 

The magnetic moment 

Schrieffer theory (Ref. 9) .  Combining these two completely different 

theories, it is found that a result which agrees with experiment can be ob- 

tained. However, all these works have a common defect - that is, the cor- 
rection made in the GL theory does not have a theoretical basis. 

In reference (l), we formulated a theory for the superconductivity of 

thin films in a strong magnetic field and calculated the critical magnetic 

field of a superconducting thin film in the case of a second-order phase 

transition. In this paper, we have improved the calculation of the criti- 

cal magnetic field in (Ref. 1) and have obtained an expression (the second 

section) for the critical magnetic field containing the (At)3'2 correction 

term. Comparing the theoretical results with the experimental data of DB 

(Ref. 6 )  and Toxen (Ref. 7 ) ,  we find the agreement very satisfactory (See 

third section). 

11. THE CRITICAL MAGNETIC FIELD 

In Section VI1 of reference (l), we discussed the phase transition 

problem of a superconducting film in a magnetic field and reached the fol- 

lowing conclusion. The phase transition of a superconducting film with 

d < dc in a magnetic field is a second-order one (Ref. 1). The critical 

4 



magnetic f i e l d  of a second-order phase t r a n s i t i o n  is  determined by t h e  f o l -  

lowing equat ion:  
K - 2 d - 0 ,  

where 

(5) 

-0 G ( r , r ' )  i n  equat ion  ( 6 )  i s  Green's func t ion  of t h e  normal e l e c t r o n  i n  t h e  

magnetic f i e l d  and i s  given by t h e  express ion  

w 

E$(r, r') - c$(r, r') + dlc!,(r, I ) - - A ( I ~ )  ieA - a ~ t ( 1 ,  r') +. 
n1 C a11 

I 9 9 3  1 

According t o  t h e  r e s u l t  of re fe rence  (l), A(r1) = HO(r l  - d)  + i ( r I ) ,  and 

L( r1 )  is  p ropor t iona l  t o  A 2 . Therefore ,  f o r  t h e  c a l c u l a t i o n  of t h e  second- 
- 

o r d e r  phase t r a n s i t i o n  c r i t i c a l  magnetic f i e l d ,  w e  can set A ( r 1 )  = 0, i .e . ,  

X (sl - d )  -G$(s, a r') + 
. as, 

5 



I 

(7 Cont'd) 

+ ... I 
I n  (Ref. 1) , 

and h ighe r  powers 

c r i t i c a l  magnetic 

, 
4 w e  s u b s t i t u t e  (7 )  i n t o  (6), neg lec t  terms conta in ing  H 

of He, and obta in  t h e  second-order phase t r a n s i t i o n  

f i e l d  as follows: 

C 

where @ (a) i s  g iven  by equat ion (39a) i n  (Ref. 1). I n  ob ta in ing  t h i s  re- 1 

s u l t ,  w e  r ep lace  t h e  temperature f a c t o r s  appearing i n  t h e  equat ion ,  T and 

I n  Tc - r e s p e c t i v e l y ,  by T, and A t .  Hc i s  g iven  by (8) and i s  p ropor t iona l  T '  
11 2 t o  ( A t )  . 

I n  o rde r  t o  exp la in  t h e  experiment of DB, w e  have t o  f i n d  t h e  expres- 

s i o n  of t h e  c r i t i c a l  magnetic f i e l d  which is  accura t e  t o  (At)312. Here 

we  need no t  only more accurate approximations f o r  t h e  temperature  f a c t o r s  

T and I n  -, bu t  a l s o  w e  must keep t h e  H: term i n  t h e  expansion of K wi th  TC 
T 

r e s p e c t  t o  Hc. K can b e  expressed as, which i s  accura t e  t o  t h e  H 4 term, 
C 

1994 

a a 
as, an11 

x -- G:(S, r)G!-Jl, m)(ml - d )  - G!,(m, r), 

6 



- a &,(my z)(zl - d )  x 
am2 

In equation (9), terms containing odd powers of Hc are zero, and have been 

discarded. KO and K2 are calculated in (Ref. 1): 

where y - In C; C is the Euler constant which is 0.5772. For purposes of 

convenience, the expression for @1(0) is rewritten as: 

32 koa(&) I 
O,(S) = ..- 31C(5) I r a  (21 f I)' ' 

m 
7 1 1 

(;!?I> =i >, -;-.,--. w-' ;-, , , ., 7 

7 



I 9 9 5  

(12 Cont'd) 

Functions F(v) and G ( v ) ,  when r) < 1, can be  expressed as (See t h e  Appendix) 

1 1 1  
2 2 1 2  12 

16 2 7 2  

F ( q )  = - ~n - + - (C + In 2 - 1) + 3 + ~ ( q ' ) ,  

d l  1 1  1 (13) 
-'I in - - - ( c  + In 2 + 1 ) ~  + - q 3  + o(i)). c(q) - - - 36 

Therefore ,  when u < 1, $(a) can be  approximately expressed as 

+ -1). 
The f i r s t  summation i n s i d e  t h e  braces  can e a s i l y  be  ca l cu la t ed .  The second 

sum i t s e l f  makes a smaller con t r ibu t ion  than  t h e  f i r s t  one and converges 

very  r ap id ly ;  t h e r e f o r e ,  it i s  s u f f i c i e n t  t o  cons ider  t h e  f i r s t  term only.  

Therefore  we  ob ta in ,  f o r  u < 1, 

I n  t h e  v i c i n i t y  of T,, expanding with r e spec t  t o  A t  = 1 - - t o  t h e  f i r s t  

o rde r  of A t ,  K2 can b e  expressed as  
T c  

where 
p ( x )  5 0.185 x x 

8 



TC Expanding In - with respect to A t  to the second order of At, KO can be T 

written as 

As to the integration K4, it can be obtained by a method similar to the 
one used in (Ref. 1) to calculate K2. 

tions we obtain, for u << 1, 

After somewhat complicated calcula- 

where B is a constant and is calculated as B = 12.5. 

Substituting (15)-(18) into (9) and (5) we obtain an equation for de- 

termining the critical magnetic field Hc of a thin film in the case of 

second-order phase transition: 

01 + o,", + o a k  - 0 ,  
I 

where 

From (19) Hc can be solved immediately: 

where 

See equation (16) for the definitions of and ~ ( x ) .  We should note that 

when 0 < 1, @(a) = 1 - .(e). It is easy to see that the (At)1/2-order 
9 



term i n  equat ion  (21) ag rees  wi th  the Hc given i n  (Ref. 1 ) .  

u l a  (8) of t h i s  paper.)  

(See form- 

111. COMPARISON OF THEORY AND EXPERIMENT 

I n  t h e  above s e c t i o n  w e  found t h e  c r i t i c a l  magnetic f i e l d  (21) of a 

superconducting t h i n  f i l m  a t  a temperature near Tc f o r  second-order phase 

t r a n s i t i o n .  This  express ion  is  app l i cab le ,  a t  l e a s t  t o  f i l m s  s a t i s f y i n g  

t h e  cond i t ions  f o r  t h e  th ickness  

and 

0.36p0(2d) 2 >> 1 
€0 

(Condit ion (23b) is  d iscussed  i n  (Ref. 1 ) ) .  With Sn, f o r  

5, - 2 . 3  x 

from (23) t h a t :  

DB, t h e  th i ckness  of Sn f i lms  ranged from 1.9 x cm t o  4.3 x cm, 

and f a l l s  w i t h i n  t h e  range where equat ion  (21) i s  app l i cab le .  

8 cm, vo - 0.65 x 1 0  cm/sec (Ref. 11) .  It is  es t imated  
* 

cm << 2d < 6.3 x low5 cd’) . I n  t h e  experiment of 

I n  o rde r  t o  compare wi th  t h e  DB experiment,  we express  (21) i n  t h e  

form of ( 3 ) .  Obviously, t h e  parameter 6(0 ,d)  i n  ( 3 )  and t h e  t h e o r e t i c a l  

expres s ion  of E are g iven  by 

* 
Note: I l l e g i b l e  i n  t h e  o r i g i n a l h r e i g n  t e x t .  

10 



1997 
1) 2.36hc 

a(0, d )  = 
1510~#'(23)"~ [ 1 - p ( z )  1"' 

and (22) ,  r e s p e c t i v e l y .  The experimental  p o i n t s  of DB and t h e  b(0,d) 

curve ca l cu la t ed  according t o  (24) a t  50 = 2.0 x 10 cm are shown i n  

F igure  1. For purposes of comparison, t h e  r e s u l t  (2) from t h e  GL theory  

is  a l s o  drawn, us ing  t h e  r e l a t i o n s  HcM = 1.74 Ha (0) A t  and 

-5 

6 0  = -6,(O)/J2At and choosing t h e  values  of 6 (0,d) ob ta ined  a t  

HcK = 307 gauss (Ref. 12) and 6~(0) = 3.55 x lov6  cm. 

l i n e .  It can be seen  t h a t  t h e  r e s u l t  der ived i n  our  paper agrees  very w e l l  

wi th  experiment. We should n o t e  t h a t  w e  are comparing t h e  pure ly  theo- 

r e t i c a l  va lues  w i t h  t h e  abso lu te  experimental  va lues  and not  t h e  sca l ed  

va lues .  

w i t h  5, = 2 . 3  x 

(Ref. 13) g iven  by Faber-Pippard. 

It i s  a h o r i z o n t a l  

-5 The 50 va lue  w e  used,  to = 2.0 x 10 c m ,  ag rees  reasonably w e l l  

cm g iven  by re ference  (11) and C0 = 2 . 1  x cm 

We would l i k e  t o  p o i n t  out  t h a t  t h e  f a c t o r  @:'2(~) =. h - ~ ( x ) )  112 

i n  (24) p l ays  an  important r o l e  i n  making t h e  theory  ag ree  wi th  experiment. 

I n  o r d e r  t o  exp la in  t h i s  p o i n t ,  we p l o t t e d  by means of a broken l i n e  ( b ) ,  

t h e  6(0 ,d)  - d curve ( t ak ing  5, = 2.0 x cm) c a l c u l a t e d  according t o  

2.36fie 
1510 e#' (2d)* 

a(0, d )  = 

This  agrees  w i t h  t h e  experiment only when d i s  very  s m a l l .  However when one 

(I) More g e n e r a l l y ,  from equat ion ( 8 ) ,  w e  ob ta in  

This  formula i s  v a l i d  f o r  a l l  f i lms  wi th  2d >> 2d*. Calcula t ion  shows 
t h a t  i t  agrees  wi th  (24) w i t h i n  the range of f i l m  th i ckness  used i n  t h e  DB 
experiment.  

11 



a d j u s t s  t h e  va lue  of 5 no agreement w i t h  experiment can be  obtained.  

From t h i s ,  i t  can be seen  t h a t  t h e  formula f o r  t h e  c r i t i c a l  f i e l d  of a 

t h i n  f i l m  (Hc - d-3’2) corresponding t o  (24a) i s  v a l i d  only when t h e  f i l m  

th i ckness  i s  very  s m a l l .  

0’ 

The t h e o r e t i c a l  curve of t h e  c o e f f i c i e n t  E of t h e  (At) -3’2 term of 

t h e  c r i t i c a l  magnetic f i e l d ,  Hc [according t o  formula(22) and a l s o  t ak ing  

5, = 2.0 x 10 cm] and t h e  experimental  d a t a  of DB are shown i n  F igure  2. 

It can be  seen t h a t  t h e  E value  given by t h i s  paper varies cons iderably  

wi th  d. 

-5 

0 W 
c 

Thickness 2d cm) 

Figure 1 

Comparison of t h e  Theore t i ca l  Values and Experimental  Data of DB 
of 6(0,d)  f o r  Sn Films; I t  + I1 Represents DB Experimental Poin ts .  /998 

A s  d decreases ,  E i nc reases  rap id ly .  These c h a r a c t e r i s t i c s  agree  wi th  t h e  

DB experiment i n  t h e i r  q u a l i t a t i v e  a spec t .  However, q u a n t i t a t i v e l y  speak- 

i n g ,  t h e  E va lues  g iven  by t h i s  paper are l a r g e r  than  t h e  DB experimental  

12 
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Var ia t ion  of E Values wi th  the Thickness 2d f o r  Sn Film; 
I t  11 + Represents  DB Experimental Poin ts .  

va lues .  

The ( ~ l t ) ~ ’ ~  term of t h e  c r i t i c a l  magnetic f i e l d  is  very  s m a l l ,  and 

i t s  c o n t r i b u t i o n  t o  t h e  a b s o l u t e  va lue  of t h e  c r i t i ca l  magnetic f i e l d  is  

i n  g e n e r a l  below 10%. Therefore ,  t h e  va lues  of E determined by DB from 

t h e i r  experimental  d a t a  on t h e  cr i t ical  f i e l d  may have a l a r g e r  e r r o r .  

Another f a c t o r  which should be pointed out  i s  t h a t ,  i n  t h e  theory  of t h i s  

paper ,  we d id  n o t  t a k e  i n t o  cons idera t ion  t h e  e f f e c t  of impur i t i e s  and 

stress, and w e  a l s o  assume t h a t  the  energy gap i s  cons t an t .  Fur ther  

s t u d i e s  have t o  be c a r r i e d  out  on t h e  e f f e c t  of t h e s e  f a c t o r s  t o  t h e  

(At)3’2-order term of t h e  c r i t i ca l  f i e l d .  However, t h e  above q u a l i t a -  

t i v e  r e s u l t s ,  a t  least, exp la in  the  fol lowing two po in t s :  (1) The 

four th-order  term of t h e  f i e l d  i s  very  important i n  t h e  c o n t r i b u t i o n  t o  

t h e  E values ;  (2) The non-local e f f e c t  of t h e  f i l m  p lays  a d e c i s i v e  

r o l e  i n  determining t h e  v a r i a t i o n  of E with  d.  

i nc luded  t h e  4th-order term of the  f i e l d  i n  t h e  c a l c u l a t i o n ,  bu t  a l s o  took 

It i s  because w e  no t  only 

1 3  



I 

i n t o  cons ide ra t ion  t h e  non-local e f f e c t  of t h e  f i l m ,  t h a t  

i nc reases  r ap id ly  wi th  decreas ing  d. I f  t h e  l o c a l  approx 

i s  used i n  t h e  c a l c u l a t i o n ,  t hen  the E obtained would not  

even i f  t h e  4th-order term of t h e  f i e l d  i s  included.  

w e  f i n d  t h a t  E 

mation of Gor'kov 

change wi th  d 

I n  o rde r  t o  test  formula (21) ,  w e  compare i t  w i t h  t h e  measurement re- 

s u l t s  of Toxen (Ref. 4) on t h e  cri t ical  magnetic f i e l d  of I n  f i lm.  I n  

(Ref. 8), Toxen p l o t t e d  on a f i g u r e  t h e  experimental  p o i n t s  of t h e  r a t i o  

of t h e  c r i t i c a l  magnetic f i e l d ,  Hc, of I n  f i l m  and t h e  c r i t i c a l  magnetic 

f i e l d ,  HCM, of a l a r g e  sample of I n  a t  T = 0.9 T, and T = 0.95 Tc. For 
U 

from t h e  t h e o r e t i c a l  formula (21) of t h e  f i l m  t h e  c a l c u l a t i o n  of - 
c r i t i c a l  magnetic f i e l d ,  w e  u s e  the  material concerning t h e  c r i t i c a l  mag- 

"C 

HCM 

n e t i c  f i e l d  of a l a r g e  sample of In g iven  by Muench (Ref. 12 ) .  According 

t o  the empir ica l  formula given by Muench, t h e  c r i t i c a l  magnetic f i e l d  of 

a l a r g e  sample of I n  near  Tc can be expressed as 

1 1 ~ ~  = 530At( 1 - 0.395At). 

From (21) and (25) ,  we o b t a i n  

x + (e + 0.4)AtJ. I 
in t h e  range of t h e  second-order phase t r a n s i t i o n  accord- We c a l c u l a t e d  - 

HcM 
ing  t o  (26).  For good agreement of theory  wi th  experiment,  50 ought t o  be  

s e l e c t e d  as C0 = 2.3 x 10 

qu i r ed  i n  Toxen's own work. 

Hc 

-5 -5 cm. This agrees  wi th  5, = 2.6 x 10  cm re- 

- d a t  1999 I n  F igure  3,  w e  have drawn two t h e o r e t i c a l  curves  of - 
HcM 

A t  = 0.10 and A t  = 0.05 ( t h e o r e t i c a l  curves  are drawn only f o r  t h e  case  of 

HC 

t h e  second-order phase t r a n s i t i o n  region)  and t h e  experimental  p o i n t s  read 

from Toxen's f i g u r e .  For comparison, t h e  r e s u l t s  of t h e  GL theory (2) are 
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Figure 3 

HC The Var i a t ion  of - Values wi th  d f o r  I n  Film and t h e  
HcM 

Experimental P o i n t s  of Toxen 

(a )  Theore t i ca l  curve of t h i s  paper A t  = 0.05; 
(b) Theore t i ca l  curve of t h i s  paper A t  = 0.10 
(c) Theore t i ca l  curve of GL A t  = 0.05; 
(d) Theore t i ca l  curve of GL A t  = 0.10; 
"+" Experimental po in t s  of Toxen A t  = 0.05; . Experimental po in t s  of Toxen A t  = 0.10 

and t ak ing  6 ~ ( 0 )  = 3.5 x 

II 11 

a l s o  drawn on t h e  f i g u r e ,  us ing  60 = 

c m  (Ref.  8) a t  A t  = 0.10 and A t  = 0.05. 
6 

The agreement of our  t h e o r e t i c a l  

v a l u e s  wi th  t h e  experimental  va lues  of Toxen i s  very  s a t i s f a c t o r y .  

APPENDIX 

Expansions of t h e  Funct ions F(n)  and G ( n )  

15 



1 tg-1 1 
(A21 

G ( 7 )  - 2 
.-o (2n + 1)’ (2n + 1)p’ 

To o b t a i n  t h e i r  expansions at l a r g e  n ,  w e  can f i n d  t h e i r  Taylor ex- 

1 
rl 

pansion i n  - . We s h a l l  omit t h i s  very  s imple c a l c u l a t i o n .  Here w e  

s h a l l  on ly  d i scuss  t h e  expansions of F(rl) and G(rl)  f o r  s m a l l  n .  

The expansions of F(rl) and G ( n )  a t  s m a l l  rl can be  obta ined  by va r ious  

methods. We w i l l  in t roduce  one of them. 

71 
F i r s t ,  l e t  u s  t ake  F ( n ) .  LetA = - then  

rl’ 

n-0 4 

-1 h where t h e  s ingle-valued branch of t h e  mult ivalued func t ion  t g  

termined as follows, Makea branch c u t  on t h e  z-plane from i A  t o  - iX, and 

s e t  a r g (  

i n d i c a t e d  i n  F igure  4 .  

- i s  de- z 

z + i h  iA) = 0 when z = + -; { r n )  i s  t h e  r ec t angu la r  c losed  pa th  as z -  

-1 A 
For t h e  s ingle-valued branch of t g  - def ined  above, i t  i s  very  easy z 

t o  prove t h a t  when I z I  is large 

z Moreover, it i s  no t  d i f f i c u l t  t o  see t h a t  on t h e  c losed  pa th  { r n )  , t g  2 
i s  bounded. Therefore ,  as n + , t h e  con t r ibu t ion  from t h e  i n t e g r a t i o n  

over  BC, CD and DA approaches zero,  and only t h e  i n t e g r a l  a long AB i s  l e f t .  

Therefore ,  ( A . 3 )  can be  converted t o  

/ loo0 
( A . 4 )  

16 



. 
I 

Figure 4 

Closed Path r n  

The heavy b l ack  l i n e  connecting i h  and - i h  
i n  t h e  f i g u r e  i n d i c a t e s  t h e  branch c u t .  

where t h e  i n t e g r a t i o n  pa th  i s  along t h e  imaginary a x i s  on t h e  right-hand 

s i d e  of t h e  c u t .  Nothing t h e  c h a r a c t e r i s t i c s  of t h e  s ingle-valued branch 

- 1 A  def ined  above along t h e  imaginary axis, w e  can see t h a t  of t g  
z 

Y 

Each i n t e g r a l  i n  ( A . 5 )  is  sepa ra t e ly  ca l cu la t ed  below. The f i r s t  

term i n  ( A . 5 )  i s  

Y I 

Using t h e  expansion 

1 7  



c 

by ca r ry ing  out  i n t e g r a t i o n  term by term (term by term i n t e g r a t i o n  i s  al-  

lowed h e r e ) ,  w e  o b t a i n  

Discarding terms smaller than  O(e"), w e  have 

The second term i n  (A .5 )  i s  

Using t h e  expans i o n  

(A. 10)  

and i n t e g r a t i n g  term by term ( i t  i s  not  hard t o  prove t h a t  t h i s  is  al lowed),  

( A . 9 )  can be w r i t t e n  as 
0 

12---C ' 1  1 - 2 (-)a g 1 ( ( 2 2  + 111 i (zr + 1) ( n a ) t + 2  

1 (A. 11) 2 (2s 1) (2s 2) 1-1 

- =-.I [ (,,~)>+l + 22(na)a + - + (2s + 111 I) .  

Neglec t ing  0 and s m a l l  q u a n t i t i e s  less than  O(e -A ),  w e  then  have 

For / 1001 
1 1 where Bk are t h e  Bernoul l i  numbers, B2 = 6' B4 = - - 

t h e  t h i r d  i n t e g r a l  i n  ( A . 5 ) ,  

30' * * * .  

i t  can  be  expressed i n  series form by t h e  same method. 

18 



* 
---E 1 1 + o(e-1). 2 8 - 1  2s(2s+ 1) 

(A. 13) 

(A. 14)  

Summing up t h e  above c a l c u l a t i o n s ,  w e  o b t a i n  

I 

I n  w r i t i n g  t h i s  express ion ,  t h e  e q u a l i t y  , 1  - 1. ~ i s  used. There- 
4 - 1  k(k + 1) ‘ 

f o r e ,  when TI < 1: 

a I z + o($*+’, e ’). 

This  i s  t h e  d e s i r e d  expansion. 

By a completely similar method, w e  can o b t a i n  t h e  expansion f o r  G ( n )  

when r) < 1: 

a -- + 0(qw+’, e ’). 

Writ ing out  t h e  f i r s t  several terms of (A.15) and (A.161, w e  have 

I -- 1 7 F ( 4 )  a -In- + - (C + In 2 - 1) + -21’ + -7‘ + O ( p 6 ,  e ’), 
12 

1 C(V) - - - -In - - - (C + In 2 + 1) + -21’ + o($, e ’). 
16 2 P , 2  36 

X l X  
2 2 1 2  (A. 18) 360 

4 

-P d s x e  
(A. 19) 
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